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Abstract 
The purpose of this paper is to determine which metric spaces X and Y are such that the 
uniformly continuous maps f : X+ Y are precisely the continuous maps between (X, TV) 
and (Y, TV) for some new topologies TV and TV on X and Y respectively. 
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1. Introduction 
Many classes 9 of functions between two metric spaces X and Y can be 
“topologized” in the sense that there are new topologies 71 and T* on X and Y 
respectively such that F is the collection of all continuous functions from (X, ~~1 
into (Y, 72). The set of continuous functions between X and Y in their metric 
topologies can trivially be topologized. So can, for example, the set of lower 
semi-continuous functions from X into the real line [w. Haupt and Pauc, in [7], 
invented the density topology and showed that the set of approximately continuous 
functions from [w into itself can be topologized. 
In [3], Ciesielski investigates the question of which classes 9 of functions from 
[w into itself can be topologized. He provides a consistent affirmative answer to the 
following intriguing question. 
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Problem (Nuder). Is there a topology T on R such the continuous self-maps of (R, 
T) are precisely the affine functions f(x) = ax + b? 
In [5], Dikranjan and Pelant show that there are four metric spaces Xi, i = 1, 2, 
3, 4, such that if we let Tj be the set of uniformly continuous functions from Xi 
into Xj, i,j = 1, 2, 3, 4, then the Tj cannot be simultaneously topologized. More 
precisely, they show that there are no closure operations ci, cz, cg and cq for Xi, 
X,, X, and X, respectively, such that for each pair (i, j), the (ci, cj)-continuous 
maps between Xi and Xj are precisely the members of qj. (See Definition 1 
below.) 
In this paper we extend the work of Dikranjan and Pelant by examining more 
closely the metric spaces X and Y which are such that the uniformly continuous 
maps f : X + Y are precisely the continuous maps between (X, ri) and (Y, r2) for 
some new topologies pi and TV on X and Y respectively. 
2. Main theorem 
“Closure operations” provide us with a useful framework for studying topolo- 
gies. 
Definition 1. (a) A closure operation cx on a set X is a function from P(X) into 
itself which satisfies the following properties for all A,B LX: 
(9 A G c,(A), 
(ii) A cB implies c,(A) L c,(B). 
If moreover 
(iii) c,(A U B) = c,(A) U c,(B), 
then cx is called additive. 
(b) If Y is another set and cy is a closure operation on Y, then we say that 
f:X+Y is (cx, c,)-continuous if for each A CX we have f(c,A) ~c~f(A). 
When the closure operations are clear from the context, we will simply say f is 
c-continuous. 
When X is a topological space, it has a naturally associated closure operation, 
namely the Kurutowski closure operation given by c,(A) =x (the topological 
closure of A in XI. 
Definition 2. If X and Y are metric spaces, let us write R(X, Y> if it is possible to 
find closure operations cx and cy on X and Y respectively such that the 
uniformly continuous functions from X into Y are precisely the c-continuous 
functions. 
(Since uniform continuity is a global property of a function while continuity is a 
local property, it is not surprising that the property R(X, Y) implies a certain 
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“rigidity” of the pair (X, Y). (Cf. Theorem 9.) The letter R in the notation is 
intended to suggest his.) 
Remark 3. (a) If cx and cy are the Kuratowski closure operations, then obviously 
f : X+ Y is continuous if and only if it is c-continuous. 
(b) If every continuous map f : X -+ Y is uniformly continuous, then R(X, Y) 
holds (with cx and cy the Kuratowski closure operations). 
We start with an observation concerning the following type of continuity. 
Definition 4. If X and Y are metric spaces and f : X+ Y is a function, we say that 
f is uniformly approachable if for each x E X and for each A4 CX there is a 
uniformly continuous g : X + Y such that g(x) = f(x) and g(M) &f(M). 
Proposition 5. Let X and Y be metric spaces and let f : X + Y be uniformly 
approachable. Let cx and cy be closure operations on X and Y respectively such that 
all uniformly continuous functions from X into Y are c-continuous. Then f is 
c-continuous. (In particular uniformly approachable functions are continuous.) 
Proof. Let A LX. Choose x E c,A. Let g be a uniformly continuous function 
such that g(x) = f(x) and g(A) cf(A). Then f(x) = g(x) E g(c,A) c cyg(A) & 
c,fU). Thus f(c,A) C cyfU). 0 
The next lemma and theorem give some circumstances under which R(X, Y) 
fails. 
Lemma 6. Let (X, d) be a metric space. The following are equivalent. 
(1) There are a metric space (Y, p) and a continuous not-unifomtly-continuous 
function f : X -+ Y. 
(2) R(X, Y) fails for some metric space (Y, p). 
(3) R(X, rW> fails. 
(4) There is a uniformly approachable not-uniformly-continuous function f : X -+ 
W, 11. 
(5) X contains a closed discrete set S of size K, such that inf{d(x, y): x,y ED, 
x#y}=O. 
Proof. (4) 3 (3). Use Proposition 5. 
(3) * (2) * (1). Clear. 
(1) =. (5). Fix E > 0 such that for each 6 > 0 there are x and y such that 
d(x, y> < 6 and p(f(x), f(y)) > e. Choose a sequence of points xk (k < w) such 
that d(n,,, XZk+i ) < l/M + 1) and p(f(Xzk), f(xzk+l)> 2 E. Note that s = ix:,: 
k < w) is infinite. Continuity of f easily gives that S is closed discrete: if x EX, 
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then some open ball B&1 of radius 2r centered at x has an image of diameter 
< E. Then B,(x) contains neither member of {xzk, xzk+i} if the distance between 
these points is less than r. (If one of the points were in B,(x), then both of them 
would be in B,,(x).) Hence B,(x) n S is finite, and S is closed discrete. 
(5) * (4). List (a subset of) S as Is,: n < w} so that d(,rZn, s~~+~I + 0 as IZ --f 03. 
Get balls U, = B,,(s,) so that (Bzr$~,): II < 01 is a discrete collection. (At stage IZ 
pick &Js,) so that among other things it avoids {x: d(x, S) > l/(n + l)}.) Let 
u= lJ,u,. 
Note that f is continuous, and its restriction to any U, 1s uniformly continuous. 
Also f itself is not uniformly continuous since f(s,,> = 0 and f(~~~+i) = 1. 
Given x and a nonvoid set M LX, choose a number k so that either x E U, or 
XEX-u. 
Case 1: f(m)= 0 f or some m EM. Then let g agree with f on U, and be 
identically 0 elsewhere. Then g approximates f in the desired sense and g is 
uniformly continuous. 
Case 2: ML Uk<,,,Uzk+i. If x EX- U, choose ? > 0 and a ball B&1 meeting 
at most one member of {U,: n < o}, which we may take to be U,. Take B,,(x) 
disjoint from U unless x is at distance exactly rk from sk. Let (z, r) be defined as 
follows: if x E U, or x is at distance exactly rk from sk, then z = sk and r = rk. If 
x E X - U and &(x) is disjoint from U, then z =x and r = T. 
Fix c E f(M). Define g as follows: g 1 B,(z) = f r B,(Z). For y E BZr(z) -B,(z) 
define g(y) = (c/r)(d(y, z) - r). And let g 1 (X - B,,(z)) = c. This works. 0 
Remark 7. (a) The equivalence between conditions (1) and (5) in Lemma 6 is 
known. See [l, Theorem 11. We can now add to the list of characterizations of 
UC-spaces (= spaces on which every continuous real-valued function is uniformly 
continuous) contained in [l]. For example, a metric space X is a uc-space if and 
only if R(X, R) holds if and only if every uniformly approachable function 
f : X + [O, 11 is uniformly continuous. 
(b) A wide variety of metric spaces will satisfy condition (5). For example, any 
noncomplete space, or any perfect noncompact space. Indeed if X fails to satisfy 
(51, then F =X - (isolated points) is compact and, for any open U 2 F, X - U is 
closed discrete with distances bounded away from 0. 
Definition 8. Let (X, d) be a metric space. For C LX, we say that C is uniformly 
clopen if C is equal to some open uniform neighborhood of itself, i.e. C = V,(C) 
for some E > 0 where V, = {(x, y> EX X X: d(x, y> < E) (equivalently d(C, X - C> 
> 0). Note that a uniformly clopen set is clopen. We will say that (X, d) is highly 
zero-dimensional if there is a base for the topology of X consisting of uniformly 
clopen sets. 
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Theorem 9. Suppose X and Y are metric spaces and there is a continuous not-uni- 
formly-continuous function from X into Y. Zf either 
(a) X is highly zero-dimensional, or 
(b) Y contains an arc, 
then there is a uniformly approachable not-uniformly-continuous function f : X + Y. 
In particular, R(X, Y 1 fails. 
Proof. This is clear from clause (4) of Lemma 6 if Y contains an arc. If X is highly 
zero-dimensional, repeat the proof of (5) * (4) but use uniformly clopen sets 
instead of balls and make f take values in {a, b} for any fixed pair of distinct 
points a,bEY. q 
Remark 10. Suppose X and Y are metric spaces. Let S be the set of uniformly 
continuous functions between X and Y. Note that the existence of a uniformly 
approachable not-uniformly-continuous function between X and Y not only elimi- 
nates the possibility of finding closure operations on X and Y whose set of 
continuous functions is S. It even eliminates the possibility of finding a family 
{(cf, ci): i E I) where ci and ci are closure operations on X and Y respectively, 
such that S is the set of functions f which are (cf, ci)-continuous for every i E I. 
By contrast, in the problem of Nadler mentioned at the beginning of the paper, it 
is easy to find (in ZFC), using the methods of [3], two topologies for R! such that 
the affine functions are the only ones which are continuous self-maps of both 
topologies. 
3. Examples I: subspaces of R 
We now give examples to clarify the role of some of the hypotheses made in 
Theorem 9, and to show that R(X, Y) can actually occur, even for reasonably nice 
spaces X and Y. We look first at subspaces of the real line. Examples 11(a) and (b) 
indicate the point of saying “highly zero-dimensional” rather than “zero-dimen- 
sional”. 
Example 11. (a) Take X= Q and Y = (0, 11, where X has the Euclidean metric 
and Y has the discrete metric. The continuous maps from X into Y are the 
characteristic functions of the clopen sets, and the uniformly continuous functions 
are the constant maps. The indiscrete (or any connected) topology on X and the 
discrete topology on Y witness that R(X, Y) holds. 
(b) Build Bernstein sets X,Y L R so that the only continuous maps between X 
and Y which extend to continuous self-maps of R are the constant maps. This is a 
straightforward diagonalization. Then the uniformly continuous maps from X into 
Y are the constant maps. If we give X a topology which makes it connected (e.g. 
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homeomorphic to R), and leave the topology on Y as it is, then the Kuratowski 
closure operations show that R(X, Y) holds. 
The next example shows that we cannot take X = Y in Example 11(b). 
Example 12. If D is any dense subset of the real line, then R(D, 0) fails. 
For the proof when D = R, see Theorem 9. Assume now that D # [w and let 
a E R - D. The variables in the definitions of functions in this proof all vary over 
D. 
The notation (b, c), [b, c), etc., where b < c are any real numbers, should be 
interpreted as meaning (b, c) n D, [b, c> f’D, etc. The functions fy1,y2 for yi, 
y2 E D u (km}, y1 <y2, are always uniformly continuous self-maps of D, where 
fy,,Jx) =yl, x =GY,, fY,,Jx) =x, y1 <x <yz, fY,,Jx) =y2, x ayz, and we drop 
the nonsensical clauses when one or both of yi, yz is infinite. Let ci and c2 be 
closure operations on D which make all the functions fy,,yz continuous. We will 
show that there must also be a two-valued function from D into itself which is 
c-continuous. (Since a two-valued function cannot be uniformly continuous, this 
does it.) 
The function f given by f(x) = 0, x < u, f(x) = 1, x > a must not be c-continu- 
ous, so the c1 closure of one of (-w, a), (a, 03) contains a point outside its 
Euclidean closure. Say this is true for A = (-co, a), and let x0 E c,A - (- ~0, a). 
(The other case is treated similarly.) For any y1 and y, in D satisfying a < y1 < y, 
GX,,, we have, letting f = fyl,yz, f(A) = {YJ, so y, =f(x,) Ef(CiA) cc&I) = 
c,{y,}. Fix y, E (a, x,). Now the function g given by g(nc) =yo, x <x0, g(x) =x0, 
x ax, must not be c-continuous. So for some xi <x0, x1 E cl[xO, m). Now, as 
before, this gives that y1 E c,{y,} whenever x1 <yl < y, <x0. Finally, choose 
yi <y2 in (a, x0) nb,, x0>. The function h given by h(x) =yl if x <a, and 
h(x) = y2 if x > a, is now c-continuous, contradiction. 
In Theorem 9, the failure of R(X, Y) was obtained by exhibiting a uniformly 
approachable not-uniformly-continuous function f : X + Y. The next example 
shows that even though R(D, D) fails for any dense D c R’, there may not be a 
uniformly approachable not-uniformly-continuous function f : D + D. There will 
be such a function, however, if D is sufficiently well behaved, e.g. if D is a Bore1 
set. 
Example 13. (a) Define B 2 R to be a Bernstein set all of whose continuous 
self-maps f satisfy I f({ x E R: f(x) #x}) 1 G K,. The construction of a set with this 
property is similar to, but easier than the proof of Theorem 16 below. The 
uniformly continuous self-maps of B are the functions fb,,b, for b,,b, E B U I km), 
b, c b,, where fb,,Jx) = b,, x G b, if fbJx> =x if b, <x -C b2, and fb,,b,(x) = b2 
if x 2 b, and we drop the nonsensical clauses when one or both of b, and b2 is 
infinite. Any uniformly approachable function from B into itself is uniformly 
continuous. Indeed, if f : B -B is continuous but not uniformly continuous, then 
there are two points on the graph of f, (xi, yi) and (x2, y2), with x1 # y1 +y2 +x2 
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both of which are on the same side of the graph of the identity function. To see 
that Definition 4 is not satisfied for f, take x =x1 and M = (x2}. Suppose there 
were a uniformly continuous g : X --) Y such that g(x) =f(x) and g(M) Q(M) 
(i.e., g(xJ =f(x2)). By considering the different possibilities for (b,, b,), where 
g =fb,,bz, we get a contradiction. 
(b) If D G R is dense and f(D) GD for some continuous not-uniformly-con- 
tinuous function f : [w + R, then there is a uniformly approachable not-uniformly- 
continuous function from D into itself. [Proof. f 1 D is still not uniformly continu- 
ous. However f r D is uniformly approachable. (The uniformly continuous func- 
tions which witness this are functions g : D + D of the form g(x) = f(x) if 
d, <n <d,, g(x) = f(d,) if x <d,, and g(x) =f(d2) if x > d,.)] This property of 
D is possessed by any dense co-analytic set. We sketch the argument: For subsets 
AandBof[W,writeA<Btomeanx<yforeveryx~Aandy~B.Writex<A 
instead of {x} <A. A Cantor set is a compact zero-dimensional subset of R! which 
is nonempty and has no isolated points. The following claim clearly takes care of 
dense co-analytic sets. 
Claim 14. Let D G R be a dense set such that either 
(1) D contains an interval, or 
(2) there is an x E R such that C = (x, 03) -D is a countable dense subset of 
(x, m), or 
(3) for each x E R there is a Cantor set C G R - D such that x < C. 
Then there is a continuous not-uniformly-continuous function f : R + R such that 
f(D) G D. 
Proof. If (1) holds, take f to be a sawtooth function mapping into an interval 
contained in D. 
If (2) holds, take an order isomorphism f between C and itself such that for 
arbitrarily large x E C, f(x) > x2. (Use the usual back-and-forth construction.) f 
extends to an order isomorphism of (x, 03). Now let f(y) =y for y GX. 
If (3) holds, choose a, <b, < a2 < b, < . . . and Cantor sets C,, C,, . . . such 
that a,, = min C,, b, = max C,, C, n D = fl and b, -a,, > 1. (To get C,,+i, choose 
Cantor sets (in IR - D) A > b,, and B > 1 + min A, and let C,, 1 =A U B.) Now 
define f(x) =x for x $5 lJ Jan, b,). Define f 1 [a,, b,l:[a,, b,] -+ [a,, b,] to be a 
Cantor function: nondecreasing, constant on each component of [a,, b,] - C, 
(with the constant value in D), and climbing fast enough so that f(a, + (l/n>) - 
f(a,) > 1. q 
The case of Claim 14 where D is F, was worked out in conversation with W. 
Weiss. When D is a first category F, and D n (a, b) is uncountable for every 
nonempty interval (a, b), we can take the function f to be an order isomorphism. 
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Problem 15. If D c R is a dense analytic set, is there a continuous not-uniformly- 
continuous function f: R + R such that f(D) CD? 
4. Examples II: subspaces of lR2 
We now turn to subsets of the plane. Here we can give more substantial 
examples of R(X, Y> (and even R(X, XI) holding. In the next two theorems we 
build examples of connected subspaces X of the plane for which R(X, X) holds. 
The first construction is more straightforward but relies heavily on the axiom of 
choice, much as Example 11(b) did. The second construction is effective and 
produces closed sets (and hence complete metric spaces). It is similar to the 
technique used in [12]. 
Let h:R2 + R2 be the homeomorphism given by h(n, y> = (x + 1, y) if x Q 1, 
and h(x, y) = (x2 + 1, y> if x > 1. Note that, for n E Z, h” is uniformly continuous 
precisely when n 6 0. 
Define a new topology 7 on lR2 as follows: choose an interval (a,, b,,) on the 
real line (=x-axis of the plane) such that 0 = ho(O) <a, < b, < h’(O) = 1. Now 
define for IZ 2 0, (a,,,, b,+r) = /~(a,, b,). Then h”(O) <a, < b, < h,+l(O) and 
hence the intervals (a,, b,) have disjoint closures. Now the topology T has the 
following neighborhoods: each point p @ U Jan, b,) has its usual Euclidean 
neighborhoods. A basic open neighborhood of a point p E (a,, b,> consists of the 
points having nonpositive y-coordinate inside a Euclidean-open disk centered at p 
with radius Q mini I p - a, I, I p - b, I). Note that (R2, T) is homeomorphic to a G, 
subspace of the plane, and that h” is T-continuous if and only if II < 0. 
Theorem 16. There is a Bernstein subset X of the plane such that the continuous 
self-maps of X in the euclideun topology are precisely the maps h” (n E Z) and the 
constant maps, while the continuous self-maps of (X, r) are the maps h” (n < 0) and 
the constant maps. 
Proof. Let f, : G, + [w2, (Y < c, be the continuous maps from co-countable G, 
subsets of lR2 into R2, with either the Euclidean topology on both the domain and 
the range, or the topology r on both the domain and the range, such that no f, is 
constant or equal to any h” r G, (n E 22’). 
Lemma 17. Zf f : G + [w2 is continuous (for either the Euclidean topology or r), G a 
co-countable G,, f not constant and not equal to any h” 1 G, and cl, c2,. . . are 
countable many members of Iw2, then there is a nonvoid Euclidean-open disk U c [w2 
disjoint from the real line such that for each i, f r U + ci, and for each It, f(U) I-I 
h”(U) = @. 
Proof. Note that G is path-connected, so there is an x such that f(x) f ci for all i. 
We may take x not on the real line. Take a disk I/ centered on x so that 
M.R. Burke / Topology and its Applications 59 (1994) 245-259 253 
f(V) n h”(V) = !A for all but at most one value of 12. (The continuity of f and the 
discrete nature of the orbit of x under h make it clear that there is such a V.) If 
we can arrange this for all 12, then we are done. Otherwise f(x) = h”(x) for some 
IZ. In this case, let L be a two-segment polygonal arc in G minus the positive part 
of the real line, joining x to a point where f and h” take different values. Think of 
L as starting at x. (The terms “earlier points” and “later points” refer to this 
order.) Let p be the last point on L where f(p) = hn(p). p is not on the positive 
part of the real line. Choose an open disk W centered on p such that f(W) n 
hk(W) = fl unless k = n. We will now choose a point pO in W where f(po) Z hn(pO) 
and f(p,,) # cj for any j. Take, if possible, p,, to be a point beyond p on L inside 
W where f(p,) # cj for any j. If this cannot be done, then, for some i, f(y) = ci 
for all y on L n W beyond p. Choose such a y so that the circle centered at p 
with radius 1 y -p I is contained in G. Since f = h” on L up to p, and h” is l-l 
and hn(p) = ci, it is clear that if we travel along the circle starting from the point 
where it meets L before p, we will arrive at a last point r where f(r) = h”(r) and 
this will happen before we get back to L. Since h” is l-l, h”(r) f ci, so there is a 
point pO further along the circle where f(p,J # cj for any j. In any case we have a 
point pO E W as desired. 
Now take U to be a small enough neighborhood of pO. This proves the lemma. 
Back to the proof of the theorem. 
Let (K,: LY < c} list all the uncountable compact subsets of the plane. Induc- 
tively choose points x,,y, E K,, and points U, and U, E G, so that U, = f,(u,), in 
that order, so that none of the points is equal to any member of the orbit under h 
of any point chosen at an earlier stage or earlier at stage (Y. For x, and y, this is 
an easy cardinality argument. For U, and u,, apply the lemma with (f, G) = 
(f,, G,), and the ci’s equal to a list which includes the points whose preimage 
under f, has nonvoid interior. The lemma gives a disk U. f, is not constant on U 
and U n G, is connected, so the range of f 1 U includes many choices for U, which 
are not in the orbits of earlier points or their images under f,. Make any such 
choice and pick any U, E U I-I G, such that f(u,) = u,. By the lemma and the 
choice of v,, u, is not in the orbit of v, or of any previously chosen point. 
Take X to be the union of the orbits of the points x, and U, (a < c). Clearly X 
is as desired. 0 
Corollary 18. There is a metric space X which has a non-uniformly-continuous 
autohomeomorphism and such that the set of uniformly continuous maps from X to 
itself is the set of continuous self-maps of (X, r) for some new metric topology r on 
X. In particular R(X, X) holds. 
NOW we will show that X and (X, 7) can be taken to be Polish spaces. 
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Theorem 19. There is a connected closed subset X of the plane, a homeomorphism 
h : X--f X, and a connected Polish topology r on X such that the continuous 
self-maps of X are precisely the maps h” (n E Z) and the constant maps, while the 
continuous self-maps of (X, r) as well as the uniformly continuous self-maps of Xare 
precisely the maps h” (n < 0) and the constant maps. 
Proof. Let K be a planar Cook continuum, i.e., K is a compact connected set and 
the only continuous maps from any subcontinuum of K into K are the inclusion 
map and the constant maps. (See [lo] for the existence of such a continuum.) Much 
of the following construction is similar to the construction in [12, part II]. Rather 
than give in detail arguments which are analogous to those in [12], we shall simply 
indicate how the various parts of [121 can be modified to give what we want. So the 
reader should have a copy of [121 at hand for the following construction. 
Our basic building block, which we shall call a tile, is similar to the space CP 
constructed on page 225 of [121. Our tile is a four-cornered object illustrated in 
Fig. 1. 
As in [12], the K, shaded ellipses represent (homeomorphic copies of) disjoint 
subcontinua of K. Let h be the homeomorphism of the plane defined in the 
. 
Fig. 1. A tile. 
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. . . 
Fig. 2. The construction of X (n-axis between 2 and 5, not to scale). 
paragraphs before Theorem 16, and let 7 be the topology defined in the same 
paragraphs. We make the following definition for m E Z, 
R mo = {(x, Y) E R2: m+(1/2)=Gy+xGm+(3/2), 
m-(1/2)Gy-x<m+(1/2)}. 
Label the corners of R,, as pko, I = 1, 2, 3, 4, where pAo = (l/2, m), pzo = (1, m 
+ (l/2)), ~2, = (l/2, m + 1) and pAo = (0, m + (l/2)). For each m E Z, let 
T,, c R,, be at tile whose corners coincide with those of R,, in the obvious way. 
See Fig. 2. The subcontinua of K which make up the various Tmo are pairwise 
disjoint, and hence no two of the tiles T,, are comparable [12, Lemma, p. 2261. 
For arbitrary m,n E Z, let T,, = h”(T,,). Take X= U T m,n mn’ 
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Claim 20. Let F = A U B U C U D be the union of a block of four connected sets A, 
B, C and D where for some (m, n) @ {(- 1, n>: n 2 O}, 
Then for any continuous f : F + X, either f = hk r F for some k, or f is constant. 
Proof. Similar to the proof of the proposition on page 226 of [121. We leave it to 
the reader. 0 
Now suppose f : X-+X is continuous with both copies of X having the 
Euclidean topology, or both copies of X having the topology T. Then, in either 
case, f is continuous with r on the domain and the Euclidean topology on the 
range. The conclusion of the theorem now follows easily from Claim 20 and the 
observation that any two points of X can be joined by a finite chain of overlapping 
blocks of the type described in the hypothesis of Claim 20, and on each such block 
r and the Euclidean topology coincide. q 
Remark 21. We indicate some possible extensions of Theorem 19. 
(a) The set X constructed in Theorem 19 is quite rigid: its autohomeomor- 
phism group is Z and it has no other continuous self-maps than the constant maps. 
We can relax this rigidity in several ways. Here are two simple ways of doing this: 
First we can make the autohomeomorphism group be Z2 instead of Z. The 
building block this time is a collection of four incomparable tiles. All the blocks 
(see Fig. 3(b), where the blocks are separated by straight dotted lines) are 
homeomorphic to each other. The topology r is obtained by cutting the set X as in 
Theorem 19. We must be careful not to disconnect X-we do our cutting only in 
the bottom left-hand corner of each block in the right half of the plane at the 
places indicated by the circles in Fig. 3(b). Another way to make X less rigid is to 
use modified tiles as in Fig. 3(a). The two continua which have been added in the 
middle of the tile are identical. A continuous function can interchange them or 
map one of them onto the other. This gives us examples where X has 2’0 
autohomeomorphisms, and has nonconstant self-maps which are not homeomor- 
phisms. 
(b) Theorem 19 is still true if we say “dense F, subset” instead of “closed 
subset” and delete the word “Polish”. (Proof omitted.) 
(c) In dimensions 3 and higher we can build even richer examples. Some of the 
constructions are actually simpler, due to the fact that there is a hereditarily 
indecomposable Cook continuum in R3 [4]. (In [ll, Appendix A] there is a more 
detailed construction of such a continuum. It seems to be unknown whether such a 
continuum exists in the plane: see 191.) Each tile can be taken to be a single 
subcontinuum of K instead of a union of H, of them as we have in Fig. 1. 
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5. Final comments 
Fig. 3. Making X less rigid. 
Proposition 5 shows that any uniformly approachable real-valued function 
f : X + R on the metric space X is c-continuous for any closure operations cx and 
cn (on X and R respectively) which make all uniformly continuous functions 
c-continuous. On many spaces there are continuous real-valued functions which 
are not uniformly approachable. The real line has no such functions (see Example 
13(b)), but f : R2 + [w given by f(x, y) =x_v is one such function in the plane. 
[Proof. Take x = 0 and M =f- ‘(Q - (0)) to see that Definition 4 is not satisfied.] 
The next theorem shows that these functions are c-continuous anyway, as long 
as cx is additive. (Additivity, which has not been used anywhere so far, is essential 
here.) 
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Theorem 22. Let (X, d) be a metric space and let cx and cR be closure operations 
on X and R! respectively. Suppose that cx is additive. If all uniformly continuous 
functions f : X + R are c-continuous, then all continuous functions are c-continuous. 
Proof. Drop the indices on c and let the context determine what the space is. 
Claim 23. AL CA for each A c R, where Ais the Euclidean closure of A, unless cx is 
discrete (i.e., c,(E) = E for each E 2X>. 
Proof. Suppose the second possibility fails, and let A G R, a EX Pick a sequence 
a,, EA (n < w) converging to a. Fix a set M LX for which there is a point 
p~cM-M. Let 
M,={xEM:l/(k+l)<d(x,p)<l/k}, k>l, 
E = U kM2k and F = U kM2k+l. Note that M = E U F, so either p E cE or E cF, 
say p E cE. The map f : M --) R given by f(Mzk) = {aJ and f(p) = a extends to a 
uniformly continuous function f : X + R’. (See [2, Theorem 25.F.11.) Now a = f(p) 
E f(cE) G cf(E) = c(a,: k < 01 c cA as desired. Thus Claim 23 holds. q 
Claim 24. CA &ifor each A LX, unless cR is indiscrete (i.e., c,(E) = R for each 
nonempty E c [WI. If cx@ # @, then even ciwd = R. 
Proof. If the first possibility fails, choose A CX and a point x: E CA -A. Let 
a,b E IF8 be any distinct points. There is a uniformly continuous function g : X + R 
such that g(x) = a and g(a = (b}. (For the case A = ld, let g be the constant 
function with value a. This case is trivial and we ignore it from now on.) Since g is 
c-continuous, we must have a = g(x) E g(cA) c cg(A) = c(b). Since a and b were 
arbitrary, cn is indiscrete. This proves Claim 24. q 
Claims 23 and 24 show that each of the identity maps 
id,:(X, cx> +(X, k,), id,: (K k,) + (R cw>, 
where k, and k, are the Kuratowski closure operations on X and R respectively, 
is c-continuous unless cn is indiscrete or cx is discrete. The theorem now follows 
easily. 0 
A similar but easier argument gives the following result. (Additivity of cx is not 
required this time.) 
Theorem 25. Let (X, d) and (Y, p> be metric spaces and let cx and cy be closure 
operations on X and Y respectively. Suppose that X is highly zero-dimensional. If all 
uniformly continuous functions f : X + Y are c-continuous, then all continuous 
functions are c-continuous. 
Remark 26. Theorems 22 and 25 hold also if X is a uniform space by analogous 
proofs. We sketch here the argument for Theorem 22. Claim 24 holds as before. 
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Suppose h : X + If8 is continuous but not c-continuous. We will prove the first 
option in Claim 23. The proof is as before with M and d replaced by the objects 
which we now define. Fix M such that for some p E CM we have h(p) E ch(M). 
Cover h(M) by countably many closed sets I,, not containing h(p). For each n, 
choose a uniformly continuous pseudometric d, on X such that d,(p, h-‘(I,)) > 0 
and d, is bounded by 1. Then d = x:,2-“d, is a uniformly continuous pseudomet- 
ric to which the proof of Claim 23 now applies. (For the proof of Claim 23 in the 
case of Theorem 25, no extension of the function f is needed: simply take a 
descending sequence of uniformly clopen sets U, containing p so that U, = X and, 
for iz > 1, x E U,, * d(x, p) < l/n. Then define f(x) = a if d(x, p) = 0, and 
Acknowledgements 
The author would like to thank J. Pelant and D. Dikranjan for stimulating 
discussions and correspondence. The notion of uniform approachability was iso- 
lated from one of the author’s proofs by D. Dikranjan. Remarks 10 and 26 are due 
to J. Pelant. G. Gruenhage suggested the use of Cook continua for Theorem 17. 
The referee pointed out the relevance of [12]. K. Ciesielski carefully read the 
manuscript and made several helpful comments. Some of the comments in the 
introduction are taken from [31. 
References 
[ll 
121 
131 
[41 
151 
[61 
171 
Bl 
[91 
1101 
[ill 
[121 
M. Atsuji, Uniform continuity of continuous functions on metric spaces, Pacific J. Math. 8 (1958) 
11-16. 
E. Tech, Topological Spaces (Wiley, New York, 1966). 
K. Ciesielski, Topologizing different classes of real functions, Preprint. 
H. Cook, Continua which admit only the identity mapping onto non-degenerate subcontinua, 
Fund. Math. 60 (1967) 241-249. 
D. Dikranjan and J. Pelant, The impact of closure operators on the structure of a concrete 
category, Preprint. 
D. Dikranjan and W. Tholen, Compendium on Closure Operators, Part 1 (in preparation). 
0. Haupt and C. Pauc, La topologie de Denjoy envisagee comme vraie topologie, C.R. Acad. Sci. 
Paris 234 (19.52) 390-392. 
K. Kuratowski, Topology, Vol. II (Academic Press, New York, 1968). 
T. MaCkowiak, The condensation of singularities in arc-like continua, Houston J. Math. 11 (1985) 
535-558. 
T. Mackowiak, Singular arc-like continua, Dissert. Math. 257 (1986). 
A. Pultr and V. Trnkova, Combinatorial, Algebraic and Topological Representations of Groups, 
Semitroups and Categories (North-Holland, Amsterdam, 1980). 
V. Trnkova, Simultaneous representations by metric spaces, Cahiers Topologie Geom. Differen- 
tielle Categoriques 29 (1988) 217-239. 
